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It has been asked for some time whether all automatic groups are
residually finite. In this note I give an example of an automatic group
which is not Hopfian. This example is drawn from a large class indicated
by the concluding remark.
Recall that a group G is termed Hopfian provided every epimorphism
G ª G is an automorphism; it is termed residually finite if for every g g G
 .there is a finite quotient r : G ª Q s.t. r g / 1 . Malcev proved that aÂQ
 w x.finitely generated residually finite group is Hopfian see LS . We use the
w x y1 y1 y y1notation x, y s x y xy and x s y xy. Let
2 2s tw xG s a, b , s, t N a, b s 1, a s ab , b s ab . : .  .
THEOREM 1. G is not Hopfian.
Proof. Consider the endomorphism c of G induced by a ¬ a2, b ¬ b2,
s ¬ s, t ¬ t.
 .  .That c is surjective can be seen by noting that s s c s and t s c t
and
sy1 ty1a s c ab and b s c ab . .  . .  .
But c is not injective because, for instance,
c y1 y1y1 y1 s ts t 2 2 2 2 w x1 / ab , ab ¬ a b , a b s a, b s 1 , .  .  .  .G G
where the non-triviality of the left-hand side follows from Britton's Lemma
 w x.see LS .
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THEOREM 2. G is an automatic group.
Proof. To see this we first choose a regular language of normal forms.
 :Observe that G is formed from its a, b free abelian subgroup by two
 :HNN extensions associating cyclic subgroups of a, b . Letting c s ab,
 :  :  2:these cyclic subgroups are a , b , c . We choose a regular language
of coset representatives for each of these subgroups, namely the languages
 n4  n4  n n4b , a , a , ca respectively. Furthermore, we choose the regular lan-
 n m4  :guage a b as a set of representatives for the elements of a, b . Having
w xmade these choices, the Normal Form Theorem LS, IV.2.1 provides us
with a language of representatives for the elements of G. It is easy to see
that this language is regular. It is straightforward to check that this
language satisfies the ``fellow-traveler'' property and hence G is automatic
 w x.see E .
THEOREM 3. G is p of a compact non-positi¨ ely cur¨ ed 2-complex.1
w x w xWe refer the reader to G and BH for basic facts about non-positively
curved complexes.
Proof. To see this we adjust the presentation of G slightly to
2 2s ta, b , c, s, t N c s ab, c s ba, a s c , b s c : .  .
and consider the 2-complex associated with this presentation. We metrize
1the edge labeled c to have length and all other edges to have length 1.2
The 2-cells of this complex are Euclidean isosceles triangles and unit
squares, as indicated in Fig. 1. It is a simple matter to verify that cycles in
the link of the vertex all have angle length G 2p .
 .  .Remark: C 4 y T 4 example. Using a different method, I have con-
 .  .structed examples of C 4 y T 4 small-cancellation complexes which have
no finite covers. The fundamental groups of these complexes have no finite
w xquotients, but by the work of Gersten and Short GS they are biautomatic.
FIGURE 1
NON-HOPFIAN AUTOMATIC GROUP 847
I hope that this second approach may shed some light on the question of
w xwhether or not word-hyperbolic groups are residually finite G .
Remark: Recipe for Non-Hopfian Groups. Consider a group A, an
endomorphism c : A ª A, and a set of isomorphisms f : H ª H X be-i i i
tween subgroups of A. If the f satisfy the condition f (c s c (f , theni i i
the endomorphism c extends to an endomorphism of the associated
  . y1  ..:multiple HNN extension. If, furthermore, A s c A D f c Ai
then this endomorphism is a surjection. Often it will not be an injection as
 w x.Britton's Lemma will show cf. M . A similar remark holds for graphs of
groups in general.
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